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L _-Boundedness of L,-Projections on Splines
for a Multiple Geometric Mesh*

By Rong-Qing Jia**

Abstract. This paper concerns the L,-projectors from L, to the normed linear space of
polynomial splines. It is shown that for the multiple geometric meshes the L norms of the
corresponding L,-projectors are bounded independently of the mesh ratio.

0. Introduction. Let us begin with some notation. Let k& be a positive integer, and
X = (x,); <z a real nondecreasing knot sequence with x; < x,,, all i. Set

X_oi= lim x;,  xg = lim x;, T:=(x_g,x,).
11— — o0 11— 00

For.i € Z and x € I, define

M,k(x) = k[xi’ L) xi+k](' - X)i—l’ ]vi,k(-x):= (xi+k - xi)Mi,k(x)/k’
where [p,, . . ., p,] f denotes the rth divided difference of the function f at the points
Po>---» P, Then N, is called the ith B-spline of order k on the knot sequence x.

For a € RZ, the rule

f(x)= L ali)N,4(x)
defines a function on I if we take the sum to be pointwise. Every such function is
called a polynomial spline of order k£ with the knot sequence X, and their collection
is denoted by S, ,. Further, let S denote the normed linear space of bounded
polynomial splines of order k£ with the knot sequence x and norm
I711= sup[ ()1,
xel

We shall be concerned with Pg, the orthogonal projector onto S with respect to the
ordinary inner product

(f.8) = [ 1(x)g(x) dx,
but restricted to L (/). We want to bound its norm
IPsli==""sup [[Ps/I/]f ]
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In 1973, de Boor [1] made the conjecture that

sup || Ps|| < const, < co.

This conjecture has been verified only for k = 2 (Ciesielski [8]), k = 3 and 4 (de
Boor [5]). Moreover, de Boor [4] showed that Pg is bounded in terms of the global
mesh ratio. For geometric meshes, Hollig [12] proved that Pg is bounded indepen-
dently of the mesh ratio. Later on, Feng and Kozak [9] reproved this result. For a
tri-multiple geometric mesh, Mityagin [15] established the uniform boundedness of
Pg for k = 6.

In this paper we shall be concerned with multiple geometric knot sequences
(x;); ez thatis,

X=X = 0 =X = ¢, alli,0<g< oo,

where / € N is the multiplicity of the knots. Our main result is

sup || Ps || < const, < oo
where x runs through all the multiple geometric knot sequences. This result extends
the results of Hollig and Mityagin.
Let A = A, be the Z X Z matrix given by
A(i, j)= f M,,N,, fori,jeL.
It is shown by de Boor ([1], also [2]), that
DA oo <[IPslloe <A™ o,

where D, is a constant depending only on k. Thus, bounding Pg is equivalent to
bounding AL
Now since the mesh (x;); < z is an /-multiple geometric one, we have

A+ 1+ 1) = [ My ()N (x) dx
= [ Mo ()N(g7%) dx = [ gM,, (gx) N(x) dx

= [ M(x)N,(x) dx = 4(i, j).

This shows that A is an /-block Toeplitz matrix. Moreover, A4 is totally positive (see
[13, Chapter 10], also [2]). This motivates us to investigate totally positive block
Toeplitz matrices.

1. Totally Positive Block Toeplitz Matrices. Let 4 be a bi-infinite N-block
Toeplitz matrix. Then there exists a sequence of N X N matrices 4, (j € Z) such
that A has the following form:

4, A A4,
A=|- A, A, A
A, A, A,
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Now

A(z)= Y A,2", z€C,

n= — o0

is a formal power series with matrix coefficients. It is called the symbol of 4. If all
the rows of 4 arein /;, i.e.,

oo}
(1.1) Y layl< oo forallieZ,

J= —©
then A(z) makes sense for |z| < 1. In this case, 4 determines a bounded linear
operator from / to /. This operator is also denoted by 4. A basic question is when
A is boundedly invertible. In the case where A is also totally positive, the following
theorem gives an answer. In its statement and further on, we use the abbreviation

7. i—1
ve= (-1,
for the vector on the index set J whose entries are alternately 1 and 1. Typically,

J=(,...,N)orelse J = Z. We also use
w:=(-1)".

THEOREM 1.1. Let A be a bi-infinite totally positive N-block Toeplitz matrix with all

the rows in l,. Then A is boundedly invertible if and only if
det A(w) # 0.

Moreover, det A(w) # 0 if and only if there exists b € R" such that
(1.2) A(w)b =1,
and, for such b, ||A7Y| = |b|| .

Remark. When A is a banded matrix, the first part of this theorem is already

obtained in [7]. The above theorem removes the restriction of bandedness.
To prove Theorem 1.1, we need a lemma.

LemMA 1.1. Let ¢ be a real number. If @/(2m) is not an integer, then for any
positive integer n, there exist integers k, [ such that | > k > n, and

(1.3) |coskg|> 14, |coslp|>% and coskecoslp < 0.

Furthermore, if @/ is not an integer, then k and I can be chosen to be even numbers.
Proof. Suppose first that ¢ /2« is not an integer. Without loss of generality we
may assume 0 < ¢ < 2. We shall argue case by case.

1°. 0 < ¢ < 27/3. By [x] we denote the integer part of x, i.e., the largest integer
< x. Let

ki=[Qner +7/3) /9], = [(2ny+ )7+ 7/3)/9].
Then
k

Q ngr +7/3 < (k+1)e,
ke

<
22ngm+7/3 — @ = 2nym—7/3;

2
2
hence,

ko € 2ngmr — w/3, 2nym + 7/3].



678 RONG-QING JIA

Similarly,
lp e [@2ny+ )7 —7/3,(2ny+ V)7 + 7/3].
Thus (1.3) is fullfilled.
2°.47/3 < @ < 27. In this case we set
k= [2ngm/Q7 — 9)] and I:= [(2n, + 1)7/(27 — 9)].

3°.27/3 < ¢ < 7. Since 47 /3 < 2@ < 2, this case reduces to 2°.

4°. ¢ = 7. This case is trivial.

5°. 7 < ¢ < 4m/3.Since 27 < 2¢ < 87 /3, this case reduces to 1°.

Assume now that ¢/7 is not an integer. Then 2¢ /27 is not an integer and we
obtain (1.3) with ¢ replaced by 2¢; hence we obtain (1.3) itself with both k£ and /
even. This ends the proof of Lemma 1.1. O

Proof of Theorem 1.1. 1t is known (see [11]) that A is boundedly invertible if and
only if det A(e’®) # 0 for all real 8. Thus, to prove the theorem, it is sufficient to
show that the solvability of (1.2) for b implies that det A(e*®) # 0 for all §. We prove
this implication by contradiction. Suppose that det A(e”) = 0 for some real §. Then
there exists a nonzero y € C¥ such that A(e'®)y = 0. Without loss of generality we
may assume y; # 0, and, after multiplying by a suitable complex number, we may
assume further that y, is a positive real number. Let

e (0K .=
(1.4) Vv = (e ) Vi» keZ;j=1,2,...,N,
5’1= (""y—l’yo’yl’y2"“)'
Then A§ = 0. Suppose that b is a solution of (1.2). Let
ka+j:=wkbj, keZ; j=1,2,...,N,
B:= (...,b_l,bo,bl,bz,.”)‘

Then Ab = 1".

We consider the two possibilities: e?® # w or e’® = w separately. First we consider
the case e¢® # w. Fix & > 0 such that y,/2 > ¢|b;| and let u:= Re§ + eb. Then
u €/ and Au = €l’. By (1.1) there exists a positive integer m such that

(1.5) Y aplulle <.

lk=jl>m

In the following we shall argue separately in terms of N even or odd.
(i) N is even. In this case, e’ # w = 1; hence §/27 is not an integer. By Lemma
1.1, there exist positive integers k,, /; (i = 0,...,2m) such that

(1.6) ko <ly<ky <l < - <ky,<lyy,
(1.7) |cosk,0|> %, |cosl@|>%, and cosk,6cosl,f <O.
Since €|b,| < y,/2, we have

U o1l el = (y,cosk,0 + eb;)(y,cosl,8 + eb;) < O.

But (/,N + 1) — (kN + 1) is an even number; therefore
(1.8) S—(uk,N+1""’ul,N+l) <(LN—-KkN)-1, i=0,1,...,2m,
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where by S~ we denote the number of strong sign changes in a sequence (see [13,
Chapter 5]). Now set

V.= (u—m+k0N+l’ ) um+lz,,,N+1)’

B

= (alj)k0N+1<:<I2mN+1,—m+k0N+1<j<m+12mN+1‘
Then B is a totally positive ((/,,, — ko)N + 1) X ((/3,, — ko)N + 2m + 1)-matrix.
The fact that Au = el’, together with (1.5), implies that

S™(Bv) = (1,,, — ko)N.
On the other hand, (1.8) gives

S (v) < (L, —ko)N—-Q2m + 1) +2m = (I,,,— ko)N — 1.
Since B is totally positive, it is variation-diminishing, namely
S~(Bv) < S~(v)

(see [13, Theorem 5.1.4]). This is a contradiction.

(i) N is odd. In this case, e # w = —1. If ¢’ # 1 also, then 8/7 is not an
integer. By Lemma 1.1 there exist even positive integers k;, /, (i = 0,...,2m) such
that (1.6) and (1.7) hold. Thus the argument for case (i) is also valid for this case.

Now, assume e’ = 1. Let
k;=i, I,=(i+1), i=0,1,...,2m.

Then (/;N + 1) — (k;N + 1) is an odd number, but cos k;8cos /.8 > 0; hence (1.8) is
still true. Following the argument for case (i), we obtain the desired result.
It remains to treat the case e’ = w. In this case, (1.4) becomes

Yin+; = ‘*’kyj'-
Thus we may assume that § is a real sequence. For any A € R, ¢:= b + Ay is a real
sequence and satisfies Ac = 1’. Thus we have
¢icip <0 forall j.

(This can be proved, as done before, by truncating A to a finite matrix, invoking the
variation-diminishing property for it and using the periodicity of ¢.) But that is
impossible unless § = 0.

Finally, since Ab = 1’, we have || 47Y| = |jb||, (see [6]). Therefore

F47 = b}l
The proof of Theorem 1.1 is complete.

2. Exponential Splines.
Definition 2.1. S € S,, is called an exponential spline, if for some constant A € R,

S(gx) =AS(x) forallxeI.

“The exponential splines”, said Schoenberg in his elegant monograph [17], “will
be used as thoroughly as the American Indians utilized the buffalo, to the last bone.”
The exponential splines also play an important role in this paper. By the above
definition, every exponential spline is uniquely determined by its polynomial compo-
nent in [1, g]. For reasons that will become clear later, we are particularly interested
in the exponential splines

P, ¥, (j=0,1,...,1-1)
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given by
@o(x):= x*,

Zz

g (x)i= (1) 0,1, k- Lk +1,...,2k - jl,——
¢ -q
forxe[l,q]and j=1,...,1-1,

z

forx € [1,q]and j=0,...,/1—1
(cf. [14]). Extend the domain of ¢; and ¢, to (0, o) by the following rule:
¢,(¢7"x) =q™9,(x), meZ xe[l,q],
$(gmx) = (-¢*)"y,(x), meZ, xe[lq].

We have to verify that ¢; and ¢, are in S,,. Obviously, ¢, and ¢, are polynomials
on each interval [¢™, g™ *!]. Thus it suffices to show that

(2.1) 9P (q) = ¢*¢{P(1), p=0,1,...,2k -2,
(2.2) g"P(q) = g (1),  p=0,1,...,2k - 2.
Indeed, for j = 0, (2.1) is trivial. For 1 < j </ — 1, we have
aPoP(q) = q7(-1)“ 7 g 0,1, k= 1k + 1,...,2k — ],
z2(z=1)---(z—-p+1)g°?
g - q*
= (1) 7 gk0,1,.. k= 1,k +1,...,2k — j],

{z(z—l)~~(z—p+l)(1+q"qziqk)}

= q“p(P(1).
One can prove (2.2) in the same fashion.

We want to investigate some properties of these exponential splines. In this
section, we mean by i the imaginary unit: i = V-1 . Also we make the abbreviation
t:= log q. We notice that the case ¢ < 1 is symmetric to the case ¢ > 1, so we need
to treat the case ¢ > 1 only. We assume also that £ > / + 1.

In the following, we use the abbreviations

k—m k—j
hm,l(z):= IT 1/(v + iz) 1/(v —iz), z,:=rm/t.
v=1 v=1

THEOREM 2.1. (i) Forx € [1,q], m=0,1,...,1 =1, andj=1,...,1 -1,

(pj(_m)(x)= Z %e(k—m+2mri/t)logth.j(Zzn).
neZ

(i) Forx € [1,q)landm, j = 0,1,...,1 -1,
1
Y= T

nez WZani1

(k—m+Q2n+1)mi/t)log x
e s hm.j+1(22n+l)‘
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Proof. Suppose that € is a simply connected domain in the complex plane, and
that C is a rectifiable Jordan closed curve in Q. If f is analytic in the domain £, and
if x is inside the curve C, then Cauchy’s formula holds:

__1 r f(2)
(2.3) [x]f= 2m'fc S de.
More generally, we have the following well-known formula for divided differences
(see [10, Chapter 1]):

1 f(2)
4 =
(2 ) [x07-x1, 7xn]f 2‘ﬂ'i—[c' (Z—xo)-~-(z—xn) dZ’
as long as x,, ..., x,, are all inside C. This result may be generalized to an arbitrary

domain (not necessarily simply connected). Let § be a domain, C a cycle in © (see
[16, Chapter 10]). Thus C is a sum of closed paths,

C=71+ +‘Yn‘
Each path is understood to be a continuous map from the unit circle to 2. The image
of a path y is denoted by y*. Correspondingly,

o=k 4yt
For any x & C*, the index of x with respect to C is defined by

1 dz
Indc(x):= E?lj;- 7 — x

Suppose that Ind.({) =0 for any { not in Q. If f is analytic in &, and if
Ind ~(x) = 1, then Cauchy’s formula (2.3) is still valid. More generally, if

Indc(xj)=1, j=0,...,n,
then (2.4) is still true.

Now we want to use (2.4) to prove Theorem 2.1. Fix x € [1,¢q]. Consider the
function f defined by

f(2)=x7/(q* - q*) = e*1%7 /(¥ — V).
Then f is an analytic function of z in C\ {k + 2nwi/t; n € Z}. Let v, be the path
defined by

v,: e k+2nmi/t+e?/t, 0<0<2m(ne),
and §, the path given by
Sy: e > k+(2N + 1)m/t)e®, 0<6<2m.

Let
N
Cyi=08y~— Z Yn
n=-N
Then by what has been proved, we have
(2.5) [0,1,....,k—1,k+1,...,2k —j]f=%;fc~ g(z) dz,

where

1
fa) =1 I ——.
O<r<2k—)
vEk
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We claim
2.6 lim z)dz = 0.
(26) Jim [ 5(z)
First, we observe that

1

Osv<2k—j £~V
v¥Ek

1 k
*
S(N—2k) for z € 8%.

Next, f is bounded on &3. This will be proved case by case. Let
z=k+ Q2N + )7/t
Then
(z—k)t=e®2N +1)7 = (2N + 1)7(cosf + isinf).
Casel.cosf > 1/(4N + 2). In this case, since
]e(z—k)t1= e@N+Dmcosd - 2,
one has
letz=hr — 1> e(2N+1)7rcos0/2‘
It follows that
| £(z2)| < ekloex+@N+Dacosdlogx/) /((gki+@N+Dymeosd 3} < 9

noting that log x /¢ < 1.

Case 2. cos < -1/(4N + 2). In this case,

eI —1|>1—e ™2
and
teﬂogxt < ekt.
Case 3. |cos 8| < 1 /(4N + 2). In this case,
[sinf|>1—|cosf|>1—1/(4N + 2),
hence
Im((z — k)t) € 2N7 + 7/2,2N7 + 7] or [-2N7 — @, -2Nm — 7 /2].
It follows that
e~ —1|> 1.
Moreover,
|e?1o%| < e(k+n/21,

This finishes the proof of (2.6).

Now let N = oo in (2.5), and take account of (2.6). We obtain

o0
(0,1, k=1,k+1,....2k—j]f= - ¥ /g(z)dz.

2wi oo

Each integral [, g(z)dz can be computed by residue calculus. The function g has
only one pole z = k + 2nwi/t inside v,. The residue of g at this point is
Le(k+2nm‘/t)logx 1 .
qkt 0<V€2k'—j k+2n7rl/t_ 14
v#k
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Finally, we obtain

z

9 (x) = (- g 0,1, k= Lk + 1, 2k — j],——
q9 —4q
k-1 1 2k—j )
- = (k+2nm/t)logx
( 1) ngz ! VI:IO k—v+2nmi/t vek+1 k—v+2nmi/t
1 k 1 k—j 1
= — ,(k+2nmi/t)log x
,,E’Z 1 ,,1;[1 v+ 2nmi/t ,,I:II v—2nmi/t’

Now (i) comes from this formula by differentiating m times. The proof of (ii) is
similar. O
As a consequence of Theorem 2.1, the following relations hold:

§W) = T T, (22),

nel
1
(m(1) = _r
‘lbj (1) ngz it22n+lhm,j+1(22n+1)'
It follows from these two formulae that

o 1 o
lim g™ (1) =5 [ by (2) dz,
(2.7) ‘ ) o

1 (m) = — . i
qlin:0 $i™(1) 5 Pr.v. f_oo hy i1(2)/(i2) dz.

(Here, pr.v. means the Cauchy principal value.) Indeed, since (1/27) /% |h,, ;(2)|dz
< o0, by the very definition of integration we get

1 1
5;,/_'_00 h'”’j(z)dz = tlingo -2—77._ Z hm./(ZZn)(ZZn - ZZn—z)

= lim ) hmj(ZZn)/t lim @™ (1).

120 ez
The proof of the second relation in (2.7) is similar.
Now set

®(q):= (g™(1)n_, and ¥(g):= (™ ()5 ..

THEOREM 2.2. The matrices ®(q) and ¥(q) are invertible for 1 < q < c0. More-
over,

®(00):= lim ®(q), Y¥(o0):= lim ¥(q)
both exist and are invertible.

Proof. We observe that
o V) /@M () =k —m,  hy [(2)/h, (2) =k —m+ zi/t.
Thus we subtract (k — m) times row m fromrow m + 1in ®(¢) (m =1-2,...,0).
We obtain
1 P to Pr-1
det @ — O Py — ko, <p;_1—kq>,_1

6 (l D _ (k—l+2)<p“ 2) (I 1)-—(k—l+2)<p“ 2)
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all functions evaluated at 1. We have
(1) — (k= m)gf™(1) = L [Aper(220) = hp (220)] /1

nel
= Z iZZnhm,j(z?.n)/t‘
nel
We notice that @ is a real matrix. If @ is singular, then there exist rea/ numbers
Bi,--.,B,_1, not all zero, such that
-1

X B X izyh, (2,,)/t =0, m=1,...,1-1;
j=1 "nez
or
-1 k-1 k
(2-8) Z izZnhO,l(ZZn) Z :3,- ﬂ (v - izZn) l_I (” +iz,,) = 0.
n€eZ j=1 v=k—j+1 v=k—m+2
Let
-1 k-1
pw= L8 I1 (v+u),
(29) . j=1 v=k—j+1
g (u)= T w+u), m=1,...,1-1.
v=k—m+2
Then p and g,, are all real polynomials, and (2.8) becomes
(2.10) Zz izZnhO,l(ZZn)p(_iZZn)gm(iZZn) =0.
ne

We denote by P, the linear space of all polynomials of degree less than n. Since g,
has the leading term ™! (m=1,...,1), {g;,...,8,_,} forms a basis for P_;.
Since p € P,_,, we can find real numbers «;, ..., a,_; such that

-1
(211) P= X %u8m

m=1

It follows from (2.10) that

/-1
Z a, Z izZnhO,l(ZZn)P(—iZZn)gm(iz?.n) = O’

m=1 nel

or, by interchanging the order of summation,

-1
(2~12) Z izZnhO,l(ZZn)P(_iZZn) Z amgm(iZZn) =0.
nel m=1
Now (2.11) tells us that

/-1
. . . 2
p(_iZZn) Z amgm(iz?.n) =P(—122n)p(122n) =|P(122n)| .
m=1
Moreover,

izZnhO,l(z?.n) = izZn(k - iZZn)hO,O(ZZn)’
and

. . 2
RC(IZZn(k - lZ?.n)) = |z2n| ’
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while

k
hoo(2y,) = Il 1/(”2 + Z%n) > 0.

Thus (2.12) yields

) 2 2
Z |P(122n)| 122, hO,O(ZZn) =0,

nez
and, therefore,
pliz,,) =0 forallneZ.
Since p is a polynomial, this implies that p = 0. Recalling (2.9), we conclude that
B;=0 forall j=1,...,/1-1.

This shows that @ is invertible. We can prove in the same fashion, and even more
easily, that ¥ is also invertible.

As to ®(oo) and ¥(c0), the series appearing in the definition of ¢, and ; are
replaced by integrals, but the above proof is readily translated to this case. The proof
of Theorem 2.2 is complete.

3. Divided Differences and Derivatives. For simplicity, we write
Q= j=1,...,21-1.
Let S be the span of ¢y, ..., ¢,,_;. Then, by (2.1) and (2.2), we have
f(g*x) = g*f(x) alfes.

Recall that (x;); < 7 is an /-multiple geometric mesh. Hence, x; ., = ¢ x
We use the followmg abbreviation,

= [ _]+m]

for the mth divided difference linear functional. According to the standard conven-
tion,

Ajm=I[x]D" incasex; = - =x,,,,
where D = d/dx is differentiation. By standard properties of divided differences,
(3.1) Nome1 = Narm = A/ (Xtem = %) A Xj010m > X5,
(3.2) Noim =N X000, =X,
Now we restrict A, , to the space S. Then one verifies that
(3:3) Natom = 42" N m

Let A, be the cone generated by the A, i.e,

20-1
A, = { Y a\; . a ./O}.

We claim that
(3.4) A,CA,..
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Indeed, (3.1) and (3.2) tell us that

Aj""l,m”Aj,me[xm-i-la j=0,...,21_1.
Therefore,
2/-1
>\21,m - >\O,m = Z (>\j+l,m - Aj,m) € Am+1'
Jj=0

From (3.3), we have A, ,, = ¢**" 2"\ ,, hence (¢**"2™ — 1)\, ,, € A,,,,. This
shows that A, , € A, ,,, and therefore

j-1
>\j,m = A0,m + Z (>\i+1,m - >\i,m) € Am+1'
i=0
Thus (3.4) is proved. Set

(3.5)

Bii=Ag,
Biv= A/,z/qk—l
Then, as a consequence of (3.4), we have
p, €A, fori=0,...,2]-1.

forO0 i<l

We have already proved the first part of the following theorem.
THEOREM 3.1. There exists a nonnegative matrix

2/—-1
C:= (c,.j)i’j=0

such that

2/-1
p= 2 A ke

j=0
Moreover, C is invertible, and C is bounded independently of q,
lc.;| < const, foralli,j.

1

Proof. To prove the second part of this theorem, we let u; act on the function
¢, € S. Then

Pi®o = Z Cij(Aj,kq)O)‘
J
We observe that
A po=1 forall j
while
IJ»,-(PO =’-Li+l‘P0= k(k_ 1) M (k_l"l" 1) fOI'i = O,...,l— 1.

Therefore,

Y c,; < const,.
J

Since each ¢;; is nonnegative, this implies that

¢;; < const, forall i, ;.
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We observe in the next section (see (4.7)) that (p,@;) is invertible. This shows that
(p;) is linearly independent over S, hence C is invertible. With this, the proof of
Theorem 3.1 is complete.

4. L-Boundedness of L,-Projections on Splines for a Multiple Geometric Mesh.
We are now in a position to prove the main result of this paper.
THEOREM 4.1. Let x = (x,)%_ be the mesh given by
Xjp=Xpay= 0 =X =¢q alli,0<g< oo,
where'l € N is the multiplicity of the mesh. Let

4= (f M’kNj’k)i,jez'
Then

sup |47} < const,.
0<g<oo
Proof. When | =k, S, becomes the space of all piecewise polynomials with
breakpoints x;, i € Z, so this case is trivial. Thus we may assume / < k.
We view 4 as a (2] X 2[)-block Toeplitz matrix. Set

v,;’= 2 A(p,j+2ml), p,j=0,1,...,21-1,

meZl
and
,_ 20-1

V= (vp,j)p,j=0'
Then V is just A(1). If b € R¥~1 is a solution to the equation
(4.1) Vb= -1,
then, by Theorem 1.1,
(4.2) 4 oo =Iblo-

Here is our scheme for the proof of this theorem: As mentioned before, we need
only to consider the case 1 < ¢ < oo. First, we show that (4.1) has a solution for any
q € (1, o0). Next, we investigate the uniform boundedness of b as ¢ = co. Finally,
we consider the behavior of b near ¢ = 1.

We need the following lemma.

LeMMA 4.1. If f € S satisfies
(4.3) (% s %0 ) f= (1) /k! fori=0,...,21 -1,
then (4.1) has a solution b satisfying
IIblleo < constf| 74|
(Recall that S is the span of @, ..., 9,,_;.)

Proof. By Peano’s Theorem,

(4.4) [ Mf®©=klx,e xS
(see [2]). Since X € §,, it can be uniquely expanded in a B-spline series:
f(k) = Z ijj,k

JEL
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with coefficient vector b:= (b); ez By (4.3) and (4.4),
(4.5) Ab = -1,
We claim that

b,y =0b; foranyjeZ.

Since f € S, f(g°x) = q**f(x), and therefore f F(gx) = f¥(x). This fact gives
¥ 6, (¢%) = T b,
But N;(¢°x) = N,_,/(x), hence
> bN, ;= )y bN, or by b.yN, = )y bN,.
This implies that
by =05 allj

by the linear independence of { N;; j € Z} (see [2]). Therefore, with (4.5), the vector
b:= (b);5" solves (4.1). Moreover, |[b||,, < const,||f ||, (see [2]). The proof of
Lemma 4.1 is complete. O

Back to the proof of Theorem 4.1. We want to find f € S such that (4.3) holds.
Since S is the span of ¢,,...,¢,,_,, there exists a = (a,,...,a,, ;) such that
f=ZXa,p, Hence,

pf=2(n9)a,
On the other hand, Theorem 3.1 tells us that
p‘if= Z c!jAj,kf'
J

Therefore,

E(p‘zq)j)aj = Z c!j(Aj,kf)'

J
Since C = (c,;) is an invertible matrix, (4.3) is equivalent to

(4.6) Z(ﬂi%’)a, =2 czj(—l)J/k!'

We have to take a closer look at the matrix (p,¢,). By (3.5), we have
(1) for0<i,j<l|,

¥{(1) for0<i</I<j<2l,
q;}"’)(l) fori<i<20<j<]|,
—=PQ)  fori<i,j <2l

B, =

Therefore, recalling the definition of ® and ¥, we obtain

(47) me)= |2 %]

Since ® and ¥ are invertible, so is the matrix

I
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(Here, I is the /X I identity matrix.) Moreover, since ®(c0) and ¥ (o) are
invertible,
(4.8) lim sup ”(p,itpj)_l ”w < const,.

g

Since the matrix (p,¢;) is invertible, we can find a so that (4.6) holds. Moreover,
using Theorem 3.1,

(4.9) llalle < ConStk"(p‘iq)j)_ln

For such a, the function f:= ¥ a;q; satisfies (4.3). Thus, by Lemma 4.1, we have
already proved that (4.1) has a solution b for any ¢ € (1, o).

Now we want to prove that
(4.10) limsup || f®|,, < const,.

q—> o

)

By (4.8) and (4.9),

limsup|/a. < const,.
g0

Hence (4.10) is true, once we show that

(4.11) lim sup ||q>j(.")||°° < const,.
g— o0
Appealing to Theorem 2.1, we have

k=j
lof*].. < X [l‘l (v + 4n2w2/t2)’1/2]/t forl<j<l-1.
1

neZlv=

Recall the abbreviation ¢ = log q. Since t — o0 when g — oo, we have, by the very
definition of the Riemann integral, that

i
lim ), [l_[j(u2 + 4n2772/t2)_1/2]/t

g-0 ez lv=1
1 o X 5 1,2
=-— v? + 22)"/“dz < const,.
eI I (GRER ‘
This proves (4.11) for j = 1,...,/ — 1. For l <j < 2/ — 1, the proof is similar. The

case j = 0 is trivial. With this, it follows from (4.2), (4.4), and (4.10) that
(4.12) limsup || 47| < const,.

q— 0

Finally, we consider the behavior of b near g = 1. It is known (see [1]) that, for
g = 1, A7! is bounded. Therefore, V is invertible for ¢ = 1. Since each entry of V is
a continuous function of ¢, b is continuous in ¢ near ¢ = 1. This shows that

lim ||b|o < const,.
9-1

Invoking (4.2) once again, we obtain

lim || 47! ||s < const,.
q—1

The proof of Theorem 4.1 is now complete.
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